For disordered quantum wires which belong to all ten universality classes, the universal quantities of transport properties are obtained through DMPK approach. Calculated are the universal parts of one-and two-point correlation functions for probability distribution functions of transmission eigenvalues. In this analysis, the asymptotic solution of DMPK equation is used. Transport properties for new universality classes(chiral and Bogoliubov-de Gennes classes) are discussed comparing with those for standard class.
§1. Introduction
In disordered and mesoscopic systems, one of the most important phenomena is the universal behavior which is determined by the symmetries of the Hamiltonian and by the dimensionality of the system. For instance the conductance fluctuation in mesoscopic system is known to be independent of the conductance itself and the shape of the conductor, while it depends on whether or not the magnetic field are added in the system.
1, 2)
Another example is a localization property of disordered system. The scaling theory of Anderson localization indicates that the transition only occur at three dimension regardless of a local Hamiltonian of the system.
3)
The Hamiltonians of disordered system can be classified to ten types by time-reversal symmetry, spin-rotation symmetry and so on which are not spatial. This classification follows from one-to-one correspondence of these Hamiltonians to Riemannian symmetric spaces in mathematical terminology.
4)
For the correspondence to actual physical system, these ten classes can be divided into three classes, standard, chiral and Bogoliubovde Gennes (B-dG)classes. The standard class corresponds to the system which has a disordered potential. The chiral class is applied to the Dirac particles in a random gauge field and the tight binding model with random nearest-neighbor hopping term. The B-dG class is found out when the system obeys the Bogoliubov-de Gennes equation.
5)
Two dimensional random bond Ising model is also classified to this class.
6, 7)
This classification is believed to be correct regardless of the dimensionality. We, however, concentrate on the quantum wire (quasi-one dimensional system). The quantum wire we consider is illustrated in Fig. 1 . Different from one dimensional system, there are several propagating modes ψ n , ψ ± n = c n φ n (y, z) exp(±ik n x), (1 ≤ n ≤ N d), (1.1) where N is the number of different propagating states and d is the number of degeneracies. Another feature of a quantum wire is that transport properties change whether or not L in Fig. 1 is longer than the localization length, ξ. If L ≫ ξ , it behaves like an insulator, while it behaves like a metal if L ≪ ξ. For mesoscopic systems, the transport quantities can be calculated by use of the transfer matrix as follows. The transfer matrix M that connects left side states with right side states is represented as
Due to the flux conservation of the system, the matrix M belongs to pseudounitary group U (N, N ). Provided that the system satisfies additional symmetries (time reversal, spin rotation, chiral etc.), M belongs to the subgroup of U (N, N ). These subgroups to which each universality classes belongs and the symmetries satisfied are summarized in Table 1 . The transfer matrices can be decomposed to relevant and irrelevant degrees of freedom,
where A ∼ D are N ×N unitary matrices and X is an N ×N diagonal matrix with eigenvalues x j (1 ≤ j ≤ N ). The eigenvalues x j are relevant variables while matrix elements of A ∼ D are irrelevant ones, because transport quantities are expressed in terms of only x j . In this paper, we consider the following three quantities.
1. conductance G :
2. shot-noise power P shot :
3. conductance G NS for a system with a normal-superconducting junction : The transport quantities we are interested in are statistical quantities which can be written in terms of correlation functions obtained from the probability distribution P (x) ≡ P (x 1 , · · · x N ) over impurity configurations. In general one represents a transport quantity A as
(1.7)
Then the average A and the variance VarA for impurity configurations are given by
where K 1 and K 2 are one-and two-point correlation functions respectively,
We expand K 1 and K 2 by . The first term can be interpreted as the average in which propagating modes are regarded as classical particles, while the second exhibits the quantum correction.
We shall obtain the universal terms of K 1 and K 2 for all ten universality classes with respect to a quantum wire. Our main results are eq.(3.17), eq.(3.26), eq.(3.36) and eq.(3.40). Those universal terms have already been obtained for standard class but not for chiral and B-dG classes. The purpose of this paper is to clarify how the difference of universality classes influences the universal behavior of transport properties.
The form of P (x) depends on the dimensionality of the system. In a quantum dot (zero dimensional system) this becomes the ensemble of the random matrix theory(RMT), 11, 12) P
In RMT, n -point correlation functions (n ≥ 2) are independent of W (x) in case that N becomes infinity. And they can be evaluated exactly.
13-15)
In a quantum wire, the probability distribution is known to satisfy the following scaling equation called DMPK equation. This was first obtained in standard classes. [16] [17] [18] [19] Recently these equations for chiral and B-dG classes were obtained, [20] [21] [22] ∂P (x; s) ∂s
where ℓ is the mean free path, and J and γ depend on universality classes :
• Standard and B-dG classes
(1.14)
• chiral class
The value of β and κ are listed in Table 1 . Note that the domains of x j are different for chiral and other classes. This is because in chiral class the value of x j is determined when the transfer matrix is fixed, but in other classes the sign of x j can not be determined. The sign can be absorbed in the irrelevant part ( A ∼ D in eq. (1.3)) in standard and B-dG classes fixing the transfer matrix. We like to make a remark on eq. (1.13). In ref. 23, Brouwer et.al. pointed out that for general chiral class, DMPK equation depends on another parameter in addition to the mean free path. The additional parameter follows from the geometric structure of the transfer matrices.
The DMPK equation has a remarkable structure in mathematical point of view. It can be mapped into imaginary time Schrödinger equation with the Calogero-Sutherland Hamiltonian and is related to the diffusion in the corresponding symmetric space that is the coset between the group to which the transfer matrix belongs and its maximal compact subgroup. 24, 25) These cosets are described in Table 1 . Table 1 : Classification of the DMPK equation. In the second column H is the Cartan symmetric class, which denotes the symmetry class of the Hamiltonian of the quantum wire. Every class is classified by the time-reversal symmetry (TR) and spin-rotational symmetry (SR): and × denote whether the system preserves the symmetry or not. Parameters β and κ characterize each universality class in J in eq. (1.13). d is the number of degeneracy of the transmission eigenvalue. The column labeled by N represents the number of distinct propagating modes. M in the column depends on the width W of the system illustrated in Figure 1 . Note that the total number of propagating modes Nd is the same for each universality class though N varies with each class. The transfer matrices M belong to the pseudo-unitary group U(N, N) because of the flux conservation. Provided the system preserves additional symmetries (time-reversal, spin-rotation, chiral etc.), they reduce to the subgroup of U(N, N). L denotes the maximal compact subgroup of each transfer matrix. The DMPK equation is related to the diffusion on the symmetric space M/L. In this table, we follow the notations of Lie group in ref 26. This paper is arranged as follows. In section 2, we examine the asymptotic solutions of DMPK equation in metallic regime. From these asymptotic solutions we calculate the universal parts of one-and two-point correlation functions in section 3. For detail analysis we employ the asymptotic formula by Dyson and Beenakker and the method of functional derivative. In section 4, we discuss the results for chiral and B-dG classes comparing with those for standard class. §2. The Asymptotic Solution of DMPK Equation
We investigate the asymptotic solutions of DMPK equations for metallic regime. The initial condition of the solutions for s = 0 is
due to the fact that when s = 0, a conduction is absolutely ballistic. As we have explained above, in the metallic regime the size of the system, L, is much longer than the localization length ξ. In a quasi-one dimensional system, ξ can be estimated to be an order N ℓ. Thus the condition for metallic regime is s ≪ N . We generalize the method of ref. 25 to the B-dG and Chiral classes.
To reveal the asymptotic behavior, it is useful to define the "wave function" Ψ as
Then we can map the DMPK equation (1.13) onto the (imaginary time) Schrödinger equation,
3)
The explicit form of the "Hamiltonian" is given as follows. • Standard and B-dG classes
• chiral class 
The eigenfunction Φ k of O B with eigenvalue k 2 is known in mathematics as zonal spherical function.
30)
Then, the general solution of eq. (2.7) for ballistic initial condition (2.1) is
Here the summation is taken for all eigenstates. This formula can be regarded as the Fourier transform on symmetric spaces and can be changed as follows, 31, 32) P (x; s) = J
(2.9)
The Harish-Chandra c-function, c(k
for standard and B-dG,
for chiral.
In the metallic regime, we can assume |x| ≫ 0 and the momentum |k| ≫ 0. Applying these two conditions, we have
where W is Coexter group of the corresponding root system and (, ) is the inner product, and the asymptotic form for Γ-function is used ;
Using eq. (2.10) and eq. (2.11) in eq. (2.9), we arrive at the following expressions.
12)
• Chiral class
In both cases the interaction term of P (x) differs from the one for RMT which has a form of |x i −x j | β . It is this difference that changes the transport properties between quantum dot and quantum wire. §3. Correlation Function
Asymptotic Formula
For calculating universal terms in K 1 and K 2 , we use the asymptotic formula given by F.J.Dyson.
33)
For the case that the probability distribution P (x) is the ensembles of RMT,
Dyson derived the following integral equation,
It is generalized easily for W (x) having a non-logarithmic repulsion term δu,
34)
W
The generalization of eq. (3.3) to the non-logarithmic repulsion is
where we assume that δu(x, x ′ ) has a limit value δu(x, x ′ ) x ′ ⇀x .
One-Point Correlation Function
K 1 §3.2
.1. Standard and B-dG Classes
In the case of standard and B-dG classes, u(x, x ′ ), δu(x, x ′ ) and V (x) are due to eq. (2.12),
Substituting them into eq. (3.6), we find
We expand K 1 (x) by N , 
The solution of this integral equation in metallic regime s ≫ 1, s ≫ x is 35)
where Θ(x) is the step function defined by
Since K 1,N is proportional to the length L of the system and the number N of the modes, we may interpret it as the one-point function where the modes are regarded to be the classical particles. Averaging the conductance (1.4) with respect to eq. (3.14), we see that it agrees with the Ohm's law. The equation satisfied by
Here, the term
s is neglected because s ≫ x, and the term lnK 1,N is absorbed to the constant term. We change the range of integration requiring K 1,0 (x) = K 1,0 (−x). This integral equation can be solved readily by the Fourier expansion. The solution of eq. (3.16) is
According to eq. (2.13), u(x, x ′ ), δu(x, x ′ ) and V (x) are respectively given 19) δu(x, x) = 0 (3.20)
Expanding K 1 by N , we have the equation for K 1,N ,
The solution of K 1,N in the metallic regime is given by
The equation for 25) and simply the solution is
The two-point correlation function K 2 is related to the one-point function K 1 through the functional derivative, 27) or, the integral equation,
Due to eq. (3.6), the integral equation for δK 1,N (x) is
Here the constant term should be zero so as to fulfill the conservation of the probability,
Substituting eq. (3.7) into eq. (3.29), we have
where
This integral equation can be solved by convolution. The result is 34) where U (k) is the Fourier transformation of U (x),
Thus, from eq. (3.28) and eq. (3.33), the two-point correlation function for standard and B-dG classes is
In chiral classes, the equations corresponding to eq. (3.28) and eq. (3.29) are respectively
Substitution of eq. (3.18) into eq. (3.38) gives
This integral equation is the same as eq. (3.31) for standard and B-dG classes. Therefore, the two-point function K 2 for chiral class is due to eq. (3.28), Using these results, we can calculate the average and variance of arbitrary transport quantity A (eq. (1.7));
• standard and B-dG classes
Into the above formulae we substitute f (x) corresponding to the conductance G, the shot-noise power P shot and the conductance for the system having normal-superconducting junction G NS which are given by eqs. (1.4) -(1.6). The universal values of the average and variance for each universality class are summarized in Table 2 . It is noted in Table 2 that in standard and B-dG classes, the universal values of the variances do not depend on κ, which characterizes the BdG class. This is because in the asymptotic solution (2.12), the constant κ appears not in the Jastrow type function | sinh 2 x i −sinh 2 x j | but in one-body potential of x i sinh 2x i . Considering this fact with eq. (3.28) and eq. (3.31), we can easily find out the independence of κ. We also notice that the variances for chiral class are twice as large as those for standard and B-dG classes. This comes from the fact that f (x)'s in eqs. We summarize the universal transport properties of disordered quantum wire which have been shown in this paper. These results agree with the known results by use of moment expansion method for conductance and shot-noise power 20, 36) and exact solutions of DMPK equations for some Table 2 : The universal values of transport quantities. We note here again that G N S can be expressed as eq. (1.6) only if the time-reversal symmetry is not broken. Thus in the last column these values are not correct for β = 2 in standard and chiral classes and C and D case in B-dG classes. See Table 1 for the value of β and κ.
classes.
21, 22)
Furthermore, we have obtained the universal terms of transport quantities for general transport quantities, eq. (1.7) and for all ten universality classes. Those results are new and have not been reported.
The following properties are interesting and should be observed in experiments:
1. The universal terms of averages of the transport quantities vanish in chiral classes due to eq. (3.26) while in standard and B-dG classes they depend on the parameters β and κ in the form of β−2κ β .
2. The variances of transport quantities are universal. In B-dG classes, however, the dependence on κ which characterizes the B-dG classes does not appear in them.
3. In chiral class, the variances are exactly twice as those in the standard class.
